Abstract. The problem of free vibration of a rotating tapered beam is investigated by developing explicit expressions for the mass, elastic and centrifugal stiffness matrices in terms of the taper ratios. This investigation takes into account the effect of tapering in two planes, the effect of hub radius as well as the stiffening effect of rotation. The equations of motion are derived; the associated generalized eigenvalue problem is defined in conjunction with a suitable Lagrangian form and solved for a wide range of parameter changes. The effect of tapering on the natural frequencies of the beam is examined with all parameter changes present. Results are compared with those available in literature and are found to be in excellent agreement.
Introduction
Beams are very common types of structural components. They can be classified according to their geometric properties as uniform or tapered, and slender or thick. Uniform slender beams are widely encountered in literature because of their simple geometry. Taper is desired for optimum distribution of weight and strength and is often motivated by special structural and functional requirements. Rotating beams represent a good model for many engineering structures and find practical applications in aircraft propellers, helicopter blading, high speed flexible mechanisms, robot manipulators and spinning space structures.
The problem of determining the dynamic modal characteristics (natural frequencies and associated mode shapes) of rotating beams is important in design and performance evaluation, and has been the subject of many investigations. Accurate prediction of the dynamic characteristics of such structures is necessary in the early stages of the design process in order to avoid any possible conditions susceptible to resonance within the range of operating speed, and to prevent any failure that may occur as a result of sustained vibration at or near the resonant frequency range.
Rotating structural components have traditionally been modeled as beams vibrating in flexure. Most of the published work devoted to the field of rotating structural components dealing with analytical and numerical methods employs beam models. Many references related to beam vibration problems can be found in published literature and the number of publications is increasing rapidly. Recently, Bazoune [1] presented a thorough review of the several approximate methods used in the bending vibrations of rotating beams.
Compared to rotating uniform beams, tapered Euler-Bernoulli beams have received less attention. Hodges [2] applied the direct analytical method of Ritz to solve for the natural frequencies, mode shapes, and response of a non-uniform rotating beam with discontinuities in bending stiffness and mass distribution. Later, Hodges and Rutkowski [3] presented Legendre polynomial shape functions in conjunction with the FEM to study the natural frequencies of free vibration of rotating beams. In this method, the displacement function is expressed in terms of a complete set of shifted Legendre polynomials. The degree of accuracy depends on the number of elements, n, used and the number of terms chosen in the series. Non-dimensional frequency predictions were shown for a non-uniform beam that is linearly tapered in the depth direction only. The fundamental frequency for a tapered beam was shown to be higher than that of a prismatic beam whilst the second and third frequencies were shown to be lower than those of the prismatic beam. Wright et al. [4] utilized Hamilton's principle in the formulation of the problem of a rotating beam with a finite hub radius where both flexural rigidity and mass distribution varied in a prescribed manner. A power series solution in the form of the method of Frobenius was employed to obtain estimates for the frequencies and mode shapes. Liu and Yeh [5] used Galerkin's method to predict the bending frequencies of non-uniform rotating Euler-Bernoulli beams with restrained beam base. Yeh and Liu [6] used the Galerkin's method to investigate the influence of taper ratio, elastic root restraints, tip mass, setting angle and rotating speed on the pure bending vibration of rotating non-uniform beams. Storti and Aboelnaga [7] have studied the transverse deflections of a straight tapered symmetric beam attached to a rotating hub as a model for bending vibration of blades in turbomachinery. Wang and Werely [8] extended the work of [2] to rotating tapered beams. They proposed a Spectral Finite Element Method (SFEM). This method consists of determining a solution to the governing differential equation in conjunction with the wave propagation method. Banerjee [9] developed a Dynamic Stiffness Method (DSM) for the determination of the free bending frequencies of an Euler-Bernoulli beam using the Frobenius method of solution.
A review of the current literature shows a lack of formulation for the elemental mass and stiffness matrices for rotating tapered beams as a function of taper ratios. It is the objective of this investigation to develop a finite element procedure for the derivation of the explicit expressions of theses matrices as a function of taper ratios. Next, the differential equations for the free vibration motion are obtained; the generalized eigenvalue problem is defined and solved. Figure 1 shows a rotating tapered cantilever beam model. The (XYZ) axes represent a global orthogonal coordinate system with origin at the center of mass of the hub such that the Z-axis corresponds to the spin axis which rotates with a constant angular speed Ω. The (xyz) system is defined as local co-ordinates parallel to the global (XYZ) co-ordinate system and rigidly attached to the root of the beam with its origin shifted by R o from the global (XYZ) co-ordinate system. The X and x axes being collinear and coincident with the undeformed beam centerline while the y-and z-axes lie along the principal axes of the cross-sectional area of the beam. It is assumed that the center of flexure coincides with the center of mass of the beam so that there is no torsional coupling induced by flexural motion.
The beam element model
The beam configuration can be defined by a properly generated mesh of finite beam elements. These elements are of equal lengths and linearly tapered in two planes while allowing for unequal breadth and depth taper. Each element has a length l i such that the length of the beam is the summation of its individual element lengths. The beam element consists of two nodes, each node undergoes both translational and rotational displacements according to Euler-Bernoulli beam theory. Effects of Coriolis forces are neglected in this investigation.
The transverse displacement w i of the local co-ordinate vector of an arbitrary point P i on element i with respect to the element axes can be expressed as
where q i 4×1 is the vector of nodal coordinates of element i and N i 1×4 is the elemental shape functions with non-zero entries given by
where ξ i = x i l i is a non-dimensional length. In order to determine the entries of the element matrices, the expression for the breadth and depth of element i, are respectively given by
where b o and h o are the breadth and depth at the root of the beam. The quantities τ b and τ h are the breadth and depth taper ratios, respectively. These are given by
If b = b o and h = h o , the taper ratios vanish and the beam is uniform. The expression of the elemental cross-section area and the elemental second moment of area are respectively given by
where
o are the cross-section area and the second moment of area of the cross-section at the root at the beam, respectively.
Derivation of the element matrices
The strain energy of the ith tapered beam element is given by
where E represents Young's modulus of elasticity. The first term in Eq. (6) 
For small deformations one can write
where m and L 1 are shown in Fig. 1 
where n is the total number of elements of the beam. Equation (6) can be written in the form where k i is the composite elemental stiffness matrix given by
The matrix k i e represents the elemental elastic stiffness matrix while the matrix k i c represents the elemental stiffness matrix due to the contribution of the effect of rotation. These matrices are given by
By carrying out the integration of Eqs (13) and (14), the explicit expressions of the above stiffness matrices are obtained and given in Tables A1 and A2 of the Appendix.
The kinetic energy contribution due to the translational deformation of element i is given by
where ρ is the mass density of the beam. By carrying out the integration of Eq. (16), the explicit expression of the mass matrix is obtained and is given in Table A3 of the Appendix.
The generalized eigenvalue problem
The summation of the individual element energies over the entire beam may be utilized to establish the Lagrangian function L as
Substitution of the expression of L into Lagrange's equation
gives the free vibration motion for the rotating tapered beam as
where q is the vector of all nodal co-ordinates of the beam. 
The solution of Eq. (21) gives the natural frequencies and corresponding mode shapes of a rotating tapered Euler Bernoulli beam.
Results and discussions
This investigation is concerned with the effect of a doubly linearly tapered beam and takes into account the effects of hub radius and rotation. The beam is linearly tapered in two planes and is divided into 16 equal finite elements. The explicit expressions for the frequency parameter, the rotational speed parameter, and the hub radius parameter are respectively given bȳ
In the above, L represents the total length of the beam and ω i is the natural frequency of the beam corresponding to the ith mode and ω o is given by Table 1 shows the effect of equal tapering on the first three frequency parameters of a non-rotating truncated conical cantilever beam at different taper ratios. The comparison of these frequencies shows an excellent agreement with the numerical values presented by Downs [10] who reported numerical solutions based on Frobenius method. Table 2 shows two particular cases of tapering, namely a wedge and a cone. The results compare favorably with other methods of solutions such as the direct solution method of the mode shape equation used by Naguleswaran [11] . The effect of rotational speed for fixed taper ratios of τ b = 0 and τ b = 0.5 is shown in Table 3 . Results manifested in Table 3 are in good agreement with those of G. Wang and N.M. Wereley [8] who used Spectral Finite Element Method.
The effects of tapering and rotation on the first three frequency parameters of the beam at R = 0 are shown in Fig. 2 . In this figure, the second and third frequency parameters decrease as the taper ratios increase while the fundamental frequency increases. This trend is seen to be opposite to the one manifested in Table 1 for the non-rotating case.
The effect of unequal tapering as well as hub radius parameter changes on the first three frequency parameters are examined next, as manifested in Figs 3 to 5. In these figures, it is shown that as the hub radius parameter increases, the first three frequency parameters increase. In particular, it is noticed in Fig. 3 that at a specific hub radius parameter ofR = 0 and at a rotational speed parameter of approximately 3.5, the values of fundamental frequency parameters corresponding to the different taper ratios are equal. This is also repeated forR = 0.5 andR = 1.0. Figures 4 and  5 show that the second and third frequency parameters exhibit a stiffening effect that is due to the increase of the hub on one hand and the hub rotation on the other hand. However, there are cross-over frequencies as a result of combining the effects of taper ratios, rotational speed parameter and the hub radius parameter. 
Conclusion
The free vibration problem of a rotating tapered beam is investigated by developing explicit expressions of the mass, elastic stiffness and centrifugal stiffness matrices as a function of the taper ratios. As the effect of taper ratios is eliminated from these matrices one can easily obtain the explicit expression of the mass and elastic stiffness matrices that are usually encountered in any elementary finite element text for uniform beams. The taper ratios considered in this problem are linear in depth and breadth. Frequency parameters are shown to be affected by varying both tapers. As the hub radius parameter increases the frequency parameters are seen to increase. In addition, these frequencies exhibit a stiffening effect due to hub rotation. While varying all three parameters together the frequencies show cross over at different speed, taper ratios and hub radius parameters. 
where the elements of the lower triangular part of the centrifugal stiffness matrix k 
